We investigate the wave packet dynamics of an electron restricted to a periodic one-dimensional lattice and driven by an external field having both DC and AC components. We show that when the frequency of the AC field is a multiple of the frequency of the usual Bloch oscillations, a directed motion of the wave packet is promoted whose average velocity depends on the magnitudes of the AC and DC field components and on the initial phase of the AC field. Super Bloch oscillations and breathing take place with an amplitude that diverges as the resonance condition is approached.
Introduction
The dynamics of a single particle wave function in a periodic potential is one of most studied problem in solid state physics. Already at the beginning of quantum mechanics, it was established that all states in such systems present a delocalized nature and can be written in a general form as: ψ nk = e ik.r u nk (r), where u nk (r) has the same periodicity of the underlying potential [1] . A completely non-trivial behavior is reached when a stationary external field is applied. In this situation, the particle may undergo coherent oscillations, known as Bloch oscillations [1, 2] . From a semiclassical approach, one can show that these oscillations are characterized by a time period τ B = 2πh/e F 0 a and amplitude A = /2eF 0 , where −e is the electron charge, F 0 is the amplitude of the external electric field, a is the periodicity of the potential and is the band width when no external field is present [1] .
Recently, a fully quantum mechanical treatment was used to describe the Bloch oscillations [3] . It has been shown that the Bloch oscillations strongly depend on the initial conditions and, in some cases, the oscillations cannot be well described semiclassically. Although Bloch oscillations have been theoretically predicted early in the beginning of quantum mechanics, the experimental observation was achieved only in the middle of the 90s in semiconductor superlattices [5] . Since then, Bloch oscillations have been experimentally observed in other contexts, such as: optical [6, 7] and acoustical systems [8] , Bose-Einstein condensates [9] and ultra-cold atoms [11, 12] . Further, it has been theoretically shown * Corresponding author.
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that Bloch oscillations in Bose-Einstein condensates are persistent if the interaction is modulated harmonically with suitable frequency and phase [10] .
The influence of an AC external field on the wave packet dynamics in a periodic potential has also been a subject of both theoretical and experimental interest. It has been shown that Bloch oscillations can be present for certain AC frequencies [13] [14] [15] [16] [17] [18] . This kind of localization is known as dynamical localization and it is conceptually different from Anderson localization [19, 20] . Dynamical localization has been experimentally reported in cold atoms and Bose-Einstein condensates in one-dimensional optical lattices [21, 22] . In this context, the dynamic of a wave packet under influence of a DC and AC field has been theoretical [23] and experimentally reported in 88 Sr atoms [24, 25] and very recently in a Bose-Einstein condensed [26] . The authors reported that when a field: In this work, we provide two complimentary approaches to this problem aiming to provide a deeper understanding for the emergence of the net transport and super Bloch oscillations, as well as to explore the role played by the initial conditions on the AC field driven electronic wave packet dynamics in a periodic potential. Firstly, we will provide an analytical treatment within the semiclassical approximation. Secondly, we will use a full quantum mechanical approach to obtain the dynamical evolution of an electronic wave packet. The first method offers a good qualitative description of the interplay between the AC field and the potential parameters. The full quantum mechanical method allows for quantitative results and it is obtained solving numerically the time-dependent Schrödinger equation. Besides recovering the semiclassical behavior in its proper limit, it shows how the relevant features associated with the wave packet dynamics are modified when one goes beyond the regime of validity of the semiclassical approximation. It is worth to keep in mind that in all calculations there is not any assumption about the fermionic or bosonic nature of the particle. Only the nature of a single particle's wave packet is in order. In this spit, although we develop the calculations in the electronic context, the results are indeed valid in order to explain several interesting features reported in Ref. [26] .
The rest of this Letter is organized as follow: In Section 2 we attack the problem within the semiclassical approximation and present an analytical expression for the time evolution of the wave packet centroid. In Section 3, we provide results for the wave packet evolution by numerically solving the time-dependent Schrödinger equation. Finally, in Section 4, we summarize and present our conclusions.
Semiclassical approach
We will consider the dynamics of a single particle moving along a discrete chain under the influence of an external field. Within a tight-binding description, the particle will be allowed to hop only between nearest neighbor sites. The external field will consist of a superposition of a DC field of magnitude F 0 and a AC field of magnitude F and frequency ω. The external force felt by an electron of charge −e is, therefore, given by
(1)
Within the semiclassical approach, the time evolution of the linear moment is directly given by d(hk)/dt = F (t), which results in
where we used that the initial moment is zero. Using that the group wave packet velocity is v(k) = 1 h ∂ε(k)/∂k and that the energy dispersion is given by ε(k) = 2V cos(ka) (V is the overlapping integral and a is the lattice spacing, which we will set to be unitary hereafter), the motion equation can be directly integrated out to give the particle's position
where we considered the initial position x(0) = 0. For the subsequent analytical development, it is useful to decompose x(t) as integrals involving the product of trigonometric functions and to expand the trigonometric functions that have another trigonometric function as argument in terms of products of cosine and Bessel functions [4] :
and sin z cos(θ ) = −2
In this way, the particle's position can be written as a sum of terms composed of the product of a Bessel function and an integral of trigonometric functionsh
where we defined
and A n (t ) = n(ωt + φ). Therefore, the particle's position will, in general, display an oscillatory character, governed by the integrals of the trigonometric functions. However, there is a set of frequencies of the AC external field that can drive a net unidirectional motion. In order to explore such feature, we consider the particular case where the AC field frequency is equal to the frequency of the Bloch oscillations, i.e.: eF 0 h = ω. In this situation, the integrals above are easily solved resulting in
where B n (t) = (
Notice that, although most terms are oscillatory in time, there is a linear term responsible for a net unidirectional motion. The above semiclassical treatment provides a simple form for the velocity associated with such unidirectional motion. It is governed by the ratio between the amplitudes of the AC and DC fields, as well as by the initial phase of the AC field with respect to the initial condition k = 0. It is important to stress that the linear term in the above equation comes from integrals in the form:
This means that whenever the field frequency is a multiple of the Bloch frequency, a linear term arises. On the other hand, for frequencies that are not a multiple of the Bloch frequency, only oscillatory terms are present. One can notice that the wave packet propagation velocity depends on φ in a non-trivial way. However, it can be easily verified that the maximum velocity is achieved for F (φ) − φ = 0 or π and it is zero, i.e. there is no propagation, when φ = π 2 .
Quantum time evolution
The semiclassical approach does not give a complete description of the Bloch oscillations in some cases [3] . In this situation, a fully quantum mechanical dynamic evolution is necessary. The time evolution of the single particle's wave function is governed by the Schrödinger equation:
where H is the Hamiltonian. For an electron moving in a linear chain and driven by an external field, the tight binding Hamiltonian can be written as:
where N is the number of sites of the system and we assumed periodic boundary conditions. We will work in unities in which V , a,h and e are the unities. Time is measured in units ofh/V . We solve Eq. (8) by using the Taylor expansion of ψ :
In the following numerical results we will use 6-th order expansion and t ≈ 10 −4 . This allows us to achieve precision of the order of 10 −8 in the norm of the wave function. In order to follow the particle's motion, we will compute the centroid of the wave packet, which is given by:
Results and discussions
In our calculations, we consider an initial normalized Gaussian wave packet centered at N/2:
. The parameter h controls the dispersion of the initial wave packet. A typical measure of the wave packet width is the square root of its dispersion σ 0 = i (i − N/2) 2 |ψ i (t = 0)| 2 in units of the lattice spacing. The DC and AC field parameters are F 0 = 0.6 and F = 0.8F 0 , respectively. This choice corresponds to a ratio F /F 0 close to one of the values used in the experiments performed in Ref. [26] . It has been observed that the amplitude of the Bloch oscillations is proportional to J 1 ( F /F 0 ) which is consistent with our present semiclassical prediction, as shown in Eq. (8) . The width of the wave packet is an important parameter in the wave packet dynamics and it influences directly the characteristics of the Bloch oscillations. For σ 0 = 0 (delta function), there are no Bloch oscillations and the centroid position does not change in time [3] . On the other extreme, if σ 0 → ∞, the wave packet dynamics coincides with the semiclassical approximation. Fig. 1 shows the time-evolution of the centroid's position for distinct initial wave packet widths. The AC field parameters used here were ω = ω B and φ = 0. One can observe that for a very narrow initial wave packet, h = 0.1 (dotted line), the centroid does not change its position. As the initial width increase, h = 1 (dashed), h = 10 (dashed-dotted) and h = 30 (dashed-double dotted) the dynamics converges to the semiclassical behavior (continuous line).
It is interesting to notice that the amplitude of the oscillations also depends on the initial wave packet width. For very narrow initial wave packet, there is no oscillation and, as the initial width increases, the oscillations amplitude converges to the semiclassical value. The important aspect to stress here is that, for wave packets with a finite initial width, there is always a linear displacement of the centroid whose average velocity depends on the initial condition. The dependence of the drifting velocity is analyzed in the inset of Fig. 1 . The magnitude of the velocity converges very fast to the semiclassical value (indicated by a dashed line). Now, we investigate the dependence of the wave packet dynamics on the AC frequency. We follow the scheme adopted in [26] and detune the AC frequency from the Bloch frequency: ω = ω B + ω, where ω is the detuning. We start the time evolution by considering a Gaussian wave packet centered at the middle of the chain (which has 500 sites). Quantitatively, one must observe a rescaling of the amplitude and the frequency of the centroid's oscillations when harmonic terms are added to the system. It can be understood in terms of the formalism of Wannier-Stark states [27, 28] . In summary, when a harmonic tilted bias is applied, there is a renormalization of the integral hoping parameter: A quantitative study of the frequency and amplitude of such super Bloch oscillations is shown at Fig. 2 . In Fig. 2(a) we plot the time evolution of wave packet centroid position for different frequency detunings ω: ω = 0.1 (solid line), ω = 0.2 (dotted line) and ω = −0.1 (dashed line). One can easily notice the development of an envelope function with large amplitude which experimentally was referred as super Bloch oscillations [26] . The overall dynamics can be described as a superposition of two main frequencies (as confirmed by a Fourier analysis, not shown here).
The highest frequency is ω B and it depends only on F 0 . The lowest frequency is related to the detuned field and can be observed as super Bloch oscillations. The dependence of the frequency (circles) and the amplitude (squares and triangles) of the envelope function on ω is shown in Fig. 2(b) . It can be observed a linear dependence of the super Bloch wave frequency (circles) on ω. The oscillation frequency independs of the initial wave packet width. In fact, this was the expected behavior as stated in the previous discussion in terms of Wannier-Stark states formalism. Our calculations also confirm the 1/ ω dependence of the amplitude of the Bloch waves and its vanishing as the initial wave packet width becomes narrower. These results are in agreement with recent experiments reporting super Bloch oscillations in Bose-Einstein condensates [26] . It is interesting to observe directly the wave packet behavior. Fig. 3(a) shows the time evolution of the wave packet for a resonant frequency ( ω = 0). One can clearly notice that, as indicated by Fig. 1 , there is a net displacement of the centroid. Furthermore, the wave packet delocalizes as its width continuously grows Fig. 2 and h = 10. In this case, breathing oscillations of the wave packet width takes place as one approaches the resonance condition.
in time. As a consequence, the maximum amplitude of the wave packet decreases in time in order to keep the wave packet normalization. This spreading is also due to the resonant character of the AC field. Wave packet localization would take place in the absence of an oscillatory resonant field. In such case no spreading of the wave packet is observed [14] . On the other hand, when a detuned AC field is considered, as shown in Fig. 3(b) , the wave packet centroid presents super Bloch oscillations around its initial position. Further there is no spreading of the wave packet, thus confirming that the presence of a resonant AC field is required to promote delocalization. However, the width of the wave packet oscillates in time, a typical characteristic of breathing. In Fig. 4 we show the time evolution of the normalized wave packet width for several detunings. It reveals that, associated with the AC field induced super Bloch oscillations at the vicinity of the resonance, the wave packet also displays breathing oscillations whose amplitude and frequency depend on the frequency detuning following the same behavior exhibited by the wave packet centroid.
Summary and conclusions
We studied the wave packet dynamics of a single electron moving on a periodic one-dimensional lattice under the influence of an external field composed of a superposition of AC and DC fields. Within a semiclassical approach, which captures the dynamics in the limit of very large initial wave packet widths, we showed that, whenever the frequency of the AC field is a multiple of the frequency of Bloch oscillations, a net displacement of the wave packet centroid takes place whose velocity depends on the ratio between the amplitudes of the AC and DC fields as well as on the initial phase of the AC field. For AC fields detuned from the resonant condition, super Bloch oscillations and breathing take place whose amplitude diverges as the resonance condition is approached.
We also performed a full quantum mechanical study by numerically solving the time-dependent Schrödinger equation which allowed us to go beyond the semiclassical regime. We showed that both the velocity of the wave packet displacement under a resonant AC field and the amplitude of the oscillations decrease as the initial wave packet becomes narrower, vanishing in the limit of a delta-like initial condition. However, the semiclassical prediction for the frequency of the super Bloch oscillations independs on the initial condition. Finally, we showed that associated to the net displacement of the wave packet centroid under the action of a resonant AC field, a wave packet delocalization takes place. Wave packet localization due to the presence of the DC field only occurs under the influence of non-resonant AC fields. The above results are in good agreement with recent experiments performed on Bose-Einstein condensates and shall remain valid for the general case of wave packet dynamics in periodic media driven by superposed DC and AC fields.
Since our calculations within the non-interacting approximation caught the important features of the experimental results in Bose condensates of cold atoms [26] , inter-particle interactions seem not to play a relevant role in the field driven wave packet dynamics in that context. However, it would be interesting to investigate how interactions would modify the present scenario. A possible approach would be to follow the field driven wave packet dynamics based in the Gross-Pitaevskii equation whose non-linear term effectively accounts for the inter-particle interaction [29, 30] . We hope the present work can stimulate further progresses along this line.
